Abstract. We give an explicit formula for the Jones polynomial of any rational link in terms of the denominators of the canonical continued fraction of the slope of the given rational link.
Rational links and continued fraction
The class of rational links have been the core of many studies since they have been classified by Schubert in [17] in terms of a rational number called the slope. Many people since then have studied different polynomial invariants of rational links and knots. For example, the authors of [4, 13] give an explicit formula for the Conway (Alexander) polynomial invariant of rational links independently. Moreover, the authors of [3, 6, 10, 11, 12, 14, 15, 18] have studied the Jones polynomial of rational links either directly or indirectly through studying another polynomial invariant that reduces to the Jones polynomial after some special normalization using different techniques.
In this paper, we give an explicit formula for the Jones polynomial of any rational link using a different approach than the one used in the above references. Our approach uses the Kauffman bracket state model given in [8] and its relation to the Tutte polynomial of the Tait graph obtained from the diagram of the given link.
A continued fraction of the rational number A diagram of a rational link can be constructed from the denominators of any continued fraction of its slope by closing the 4-braid σ figure 1 , where σ 1 , σ 2 are shown in figure 2 and the multiplication is defined by concatenating from left to right. It is well known that for odd numerator p this diagram represents a knot and for even numerator p it represents a two component link. It is sufficient to consider the case when the number of denominators of the continued fraction n is odd and b i ≥ 1 for i = 1, 2, . . . n as a result of the following lemma. Proof. We start with the rational number p q > 1 such that gcd(p, q) = 1 and p > q > 0. Thus we can apply the Euclidean algorithm to get
. . .
Now we have
In this way, we get a continued fraction [b 1 , b 2 , . . . , b n ] of p q with b n ≥ 2 since q n−1 < q n−2 . Now if n is even then [b 1 , b 2 , . . . , b n − 1, 1] is the continued fraction with odd number of denominators. Finally, the uniqueness follows from applying the Euclidean algorithm at every step. Definition 1.3. The unique continued fraction obtained using the above lemma will be called the canonical continued fraction of Remark 1.5. Most of the material of this section appears in [16] with the same title and we include it in here to make this paper more self-contained.
The Jones polynomial
The Jones polynomial is an invariant of links that was first defined by V. Jones in [5] . It is a Laurent polynomial in one indeterminant defined on the set of oriented links. There are many approaches to define this invariant, but we choose the approach that will serve our purposes in this paper.
The Jones polynomial of a given link can be computed using the Tutte polynomial of the associated Tait's graph of the given link diagram. In this paper, we restrict our work to alternating link diagrams. Therefore, the associated Tait's graph will be a planar graph without signs. Now we recall the definition of the Tutte polynomial of graphs and for further details and more basic reference about this polynomial see [1] . 
If e is an edge which is neither a loop nor a bridge of the graph G, then χ(G) = χ(G − e) + χ(G\e) where G − e is the graph obtained be deleting the edge e in G and G\e is the graph obtained by contracting the edge e in G. In a graph G a bridge is an edge whose removal increases the number of components of G and a loop is an edge which has the same vertex as its endpoints.
The way to construct the Tait's graph of a given alternating link diagram is by using the checkerboard coloring, that is we color the regions of the diagram in R 2 into two colors black and white such that regions which share an arc have different colors. We then place a vertex in each black region and associate an edge to each crossing of the link that connects two vertices to obtain the graph G. By interchanging black regions with white regions, we obtain the dual graph of G.
We quote the following lemma that first appeared in [7] . 
where a is the number of white regions, b is the number of black regions, and w is the writhe of the link diagram. 
The Tutte polynomial of the canonical Tait's Graphs
We give a formula for the Tutte polynomial of the canonical Tait's graph of any rational link in terms of the denominators of the canonical continued fraction of the slope of the given rational link. First, we recall that a cycle graph of length p is a graph with p vertices and p consecutive edges such that each vertex is incident to two edges.
We quote the following lemmas for later use whose proofs can be found in any basic reference of graph theory see for example [19] .
Lemma 3.1. Let C p be a cycle graph with p edges then the Tutte polynomial is figure 4 is given by the formula
Proof. We will use induction on k. If k = 0 then G will be the dual graph of C b1 so from Lemmas 3.2 and 3.1 we get
Now for k = m, we apply part 6 of Definition 2.1 on one of the b 2k -edges that are collinear in figure 4 and use part 4 of the same definition to get 
where G α is the canonical Tait's graphs corresponding to the canonical continued fraction 
Proof. The result follows since the canonical continued fraction the rational link
Main Results
For this section, we let D be the canonical link diagram of the rational link L with slope 
We want to compute the number of white regions, the number of white regions, and the writhe of the canonical diagram D in terms of the denominators of the canonical continued fraction that will be used in the Theorem 4.4. 
We associate to the canonical diagram D a permutation σ D ∈ S 3 on the set {1, 2, 3}. We define the permutation σ D in terms of the denominators of the canonical continued fraction by
Now the writhe of the canonical diagram D depends on the permutation σ D . In particular, we have four cases for the writhe and it is given by the following lemma (132)) and b 1 is even, Proof. We prove the case where σ D = (23). In this case, the canonical diagram D will be closed as in figure 5 . We choose the orientation in a way where the top arc always goes from right to left and if the diagram has two components then we can assume the orientation on the bottom arc goes from right to left since these two arcs will belong to different components. The set of all crossings in the canonical diagram D forms a partition of n elements such that i-th element of this partition contains all the crossings that form σ 
